typeset using JPSJ.sty <ver.0.8> 



Weak Field Magnetoresistance in Quasi-One-Dimensional Systems 
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Theoretical studies are presented on weak localization effects and magnetoresistance in quasi- 
one-dimensional systems with open Fermi surfaces. Based on the Wigner representation, the 
magnetoresistance in the region of weak field has been studied for five possible configurations 
of current and field with respect to the one-dimensional axis. It has been indicated that the 
anisotropy and its temperature dependences of the magnetoresistance will give information on 
the degree of one-dimensionality and the phase relaxation time. 
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§1. Introduction 

Recently, many experiments have reported metallic properties of highly conducting doped poly- 
mers (HCDP), e.g. polyacetylene doped with iodinej^-* p-phenylenevinylene doped with sulfuric 
acid,& etc. It is expected that HCDP shows three-dimensional conductivity when polymer chains 
are entangled at random, while quasi-one-dimensional conductivity is expected when they are well 
aligned each other. Actually, there are some experiments which have tried to examine the dimen- 
sionality of conduction of the tensile drawn (~ 1000%) samples of HCDP films by the measurement 
of magnetoresistance (MR) at low temperature.B&In these experiments the conductivities were 
anisotropic which were analyzed based on the formula for anisotropic three-dimensional systems. 
However, the resulting anisotropy turned out to be very large, which invalidate the original as- 
sumption of anisotropic three-dimensionality, i.e. the closed Fermi surface with the anisotropic 
mass. Instead, the results seem to indicate that the Fermi surface is open for which there have 
been few theoretical studies on MRSiiiBi 

In this paper, the weak field MR for such systems with open Fermi surfaces are theoretically 
studied by use of the Wigner representation. 

The field theoretical studies of weak-localization (WL) effectJl* on MR have discussed by Hikami 
et al. 0) and Kawabata0) for two- and three-dimensional metallic conductors, respectively. In 
these studies where the closed Fermi surfaces are assumed the quantum corrections to the con- 
ductivity given by the Cooperon propagators have been easily calculated even in the presence of a 
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magnetic field in terms of the Landau quantization. For systems with open Fermi surfaces, on the 
other hand, the eigenvalues of the Cooperon propagator can not be explicitly given. In order to 
overcome this difficulty and to study MR systematically we make use of the Wigner representation. 

In §2 a brief review of the preceding theory for three-dimensional systems is given, and studies of 
quasi-one-dimensional systems by the Wigner representation are given in §3. The asymptotic forms 
of the MR in three- and one-dimensional limit and summary are given in §4 and §5, respectively. 

We take a unit of ^ = 1. 

§2. Magnetoresistance in Three-Dimensional Systems 
For three-dimensional systems, we take the model Hamiltonian, 

^ = ^ + ^E'^(^-«0, (2.1) 

where u is the strength of the short range impurity potential and Ri is the impurity site. We will 
consider the quantum correction term for the conductivity in the order of {SpTo)~^, where is the 
Fermi energy and Tq is the relaxation time due to elastic scattering by impurities given in Fig. 1. 
In this figure dashed lines and a cross represent impurity potentials and the averaging procedure 
over the distribution of impurities. This Tq is given as follows, 

r"^ = 2TTniu'^N{0), (2.2) 

where rii is the density of impurities and iV(0) is the density of state per spin at the Fermi energy. 



Fig. 1. Self-energy correction due to the impurity scattering. 



The weak-localization effect can be calculated by the summation of so-called maximally crossed 
diagrams as given in Fig. 2. In these diagrams the ladder part (sec Fig. 3) which is called the 
"Cooperon" represents the quantum interference effect between two electrons having nearly opposite 
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Fig. 2. Weak-localization correction due to the "Cooperon" . 



Fig. 3. The Cooperon representing the quantum interference effect. 



wave number. The Cooperon is singular when + ^^i) < where e„ = (2n + l)7rkBT, tui = 

2lTTk-QT and k-Q is Boltzmann constant, and in this case it is written as fohows, 

""^^^'"'^ = 2vriv|oK?Dg2 + N + l/r.' ^'"'^ 
where D = 2e^T„/'im is the diffusion constant and is the phase relaxation time due to inelastic 
scattering introduced phenomenologically. Then the quantum correction to the conductivity (Fig. 
2) is given by 

— = -2t2 TrZ),(q,0), (2.4) 

where fio = 2e'^N{0)D is the Drude conductivity and Tr means quantum mechanical trace, e.g. ^ 

in the absence of the magnetic field. 

In the presence of a magnetic field, H, whose strength is not so strong, in the sense ujc = eH/mc <C 
T~^, its effects can be treated quasiclassically, i.e. q in the Cooperon is replaced by q + 2eA/c = tt, 
where A is a vector potential. Fortunately, the Cooperon depends only on tt^, so that the trace 
can easily be carried out by the use of the eigenstates of Landau quantization. Hence, the quantum 
correction is given as follows@) 

Aa{H) _ 1 
ao ~ ~27r3iV(0)£2 
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^ / ^'^^4^7 TV 1 (2.5) 



where i = \J cjeH is the Larmor radius. Equation (2.5) is valid for both weak and strong magnetic 



field limit, i.e. = \/Dts and i <^ L^, as long as the conditions, tUc ^ Ef and i ^ \/Dt„, 

are satisfied. Especially for weak magnetic field, we get the following asymptotic form of the 
magnetoconductance, da{H) = Aa{H) — Aa{0), 

If we assume the anisotropic mass, rrii {i = x,y,z), the diffusion constants are defined as Di = 
2epTo/3mi, and Sa{H) along the symmetry axis is rewritten as 

6a{H) _ 1 D, r|/' ^^.7) 



where Di is the geometric mean of DjS perpendicular to the magnetic field and D2 is the diffusion 
constant of the direction of magnetic field. 

§3. Magnetoresistance in Quasi-One-Dimensional Systems 

Now, we turn to our problem of quasi-one-dimensional systems with open Fermi surfaces. We 
take the model Hamiltonian, 

H = — ^ — a{cospxd + cospyd) +u'^d{r — Ri), (3.1) 
2m ^ 

where z-axis is the polymer chain axis, a is the band width due to the transverse hopping of 
electrons among chains and d is the lattice spacing perpendicular to the chain direction. The 
one-particle thermal Green function is given as 

( '' iSn — [kz /2m — a{cos kxd + cos kyd) — Ep] +isgn{en)/2To ^ ^ 

If the Fermi energy is large enough compared to the band width in the perpendicular directions, 
Q, which is assumed throughout this paper, and then the warping of the Fermi surface can be 
ignored in the integration of a single particle Green function, the relaxation time due to impurity 
scattering is given by 

-1 ^"^^^ f-j Q^ 

^'-'^ 

where Vp = -\/2£p/m. On the other hand, the cosine band structure has to be properly treated in 
the derivation of the Cooperon as follows, 

Dciq,coi) = - (3.4) 

1 - niU^X{q,LOi) 
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f dk 

X{q,ui) = J -^^-p- G{k,ien + iuJi) G{q - fc,ie„) 
dfc 



(27r)3 i(e„ + uoi) — {k1/2m — a(cos kxd + cos kyd) — e^,} + \/2to 

X \ ^ (3.5) 

i^n - {{<lz- kzY/2m - a [cos{qx - kx)d + cos{qy - ky)d] - ep} - i/2ro ' 

where X{q, uji) is the polarization function. The result of the integration with respect to kz is given 
as follows under the conditions, a and 1 » aTo \ sin ^^^^|, v'^TgO^, \uji\to, 



X{q,uji)^- f 



2ro 



(2vr)2 1 2 2 o- 

1 o 2 2 / ■ 2 Q^d . 2 Qyd 
1 — ZQ r„ I sm h sm 



. (2A;a; - qr,)d . Qxd ^ . {2ky - qy)d . gj^d 

sm sm h sm — sm 

2 2 2 2 



Then the Cooperon is obtained a; 

d^u 



Dc{q,uJi) 



2 2 2 
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\^l\To 



(3.6) 



(3.7) 



2t^ v^ToqI + 0^X0(2 - cos Qxd - COS g^d) + + I/ts ' 
The quantum corrections to the conductivity (Fig. 2) for each direction under the same conditions 



as in the derivation of the Cooperon, eq. (3/7), are as follows 



-2r2 TVDe(Q,0), 

-2 TVcosg^d L»c(q,0). 



In these equations, the classical conductivities for each direction are given by 

= 2e'NiO)D„ 
-- 2e'^N{0)D^, 



cr, 



(3.8a) 
(3.8b) 

(3.9a) 
(3.9b) 



where the symbols || and _L represent the directions parallel and perpendicular to the chain axis, 
respectively, which will be used in the following as well. Here the density of state and the diffusion 
constants are defined as follows, 

1 



iV(0) 



1 2 72 

-a d To 



(3.10a) 
(3.10b) 
(3.10c) 



which are deduced from eq. (|3.71 ) in the continuum limit, d ^ 0. 



In the limit, uTo <C 1, where the warping of the Fermi surface is less than the broadening, \ ^, 
(see Fig. 4 (a)), the conditions, 1 ^ aT„ \ sin ^^^^|, are satisfied over the whole Brillouin zone, hence 
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Fig. 4. Fermi surfaces in the cases, qto <C 1, (a), and aro ^ 1, (b). Here the vertical lines represent the broadening 
of the Fermi surface corresponding to the energy width, r^^. 



any cutoff is not necessary in the integrations with respect to qx and Qy in the evaluations of eq. 
(3.8). On the other hand, in the hmit, aT„ ^ 1, where the warping of the Fermi surface is larger 
than the broadening, t~^, (see Fig. 4 (b)), the conditions, 1 » ar,, | sin ^^^^^ | , required to derive 
eqs. ( p.7| ) and (3.8) imply \qx,y\ <^ {aT„d)^^. In this case, however, the main contributions to the 
quantum corrections, eq. (3.8), turn out to be given by the small q such as \q\ <^ (a^/rv^^d)"^ due 
to the lifetime of the Cooperon, r^. Since (a-^/ToT^d)"^ < {aTod)~^ is usually satisfied (i.e. Tg), 



the present estimations of the quantum corrections based on eqs. (3.7) and (3.8) are justified even 
in this case of oTo ^ 1. 
To obtain the MR, we replace q hy tv = q + 2eA/c , 

^ = -Tr^ ^ ^, (3.11a) 

(T|| -C)||7rj + a^ro(2 — cosTT^^a — cosvryCt) + l/Tg 

Aa^ = ^3_^^^^ 

O"^ D^^Tvj + a^T„[2 — COSTTxd — COSTTyd) + l/Te 

Here we must be careful to treat tTjS because of their noncommut ability, 
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where k is the direction of magnetic field and £ijk is Levi-Civita's totally antisymmetric tensor. Since 
TTjS are contained in cosine terms in our Cooperon, we cannot use the Landau quantization method 
and it is impossible to study MR for arbitrary field. However for studies in weak magnetic field, the 
method of Wigner representationllit is most suited, because it is a systematic method of expanding 
physical quantities in terms of the small parameter which is the value of the commutator of canonical 
variables. Moreover as it turned out, the MR in a weak field yields important information on the 
degree of the alignment of the polymer and the phase relaxation time. 
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In the Wigner representation, the trace of some physical quantity, A{p,q), which is given as a 
function of canonical variables, p and q satisfying [p , q] = — ic, can be obtained by replacing 
quantum operators to corresponding classical differential operators operating on 1, and integrating 
the quantity over classical variables, p and q, 

TV Atm = ^J^P^,A (p+ £| , , - ^ 1. (3.13) 



Fig. 5. Five possible configurations of current and field with respect to the chain direction in the measurement of 
MR. 



In our case of MR in quasi-one-dimensional systems, two components of vr perpendicular to the 
magnetic field correspond to p and q in eq. ( 3.13| ). For each of the five possible configurations as 
shown in Fig. 5 we have to replace the operators as follows. 



1 u 9 

TV ^7V + —rh X — , 



(3.14) 



where h is the unit vector along the direction of magnetic field, and integrate over vr. For example 
the quantum correction in the config. (1) in Fig. 5, we have to evaluate the following. 



A(Tl 



(27r)3 



ds / d'^vr e 



3_ ^-si^D^^T^TT^+a'^ToT^ 



2-COS (n:,--^-^'jd-COS (jTy + T 



1 a 



+1 



(3.15) 



where the integrations with respect to tTx and Hy can be taken over the whole Brillouin zone. 
The explicit evaluations of the quantum corrections up to the second order of H for each config- 
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uration result in as follows 
AcTi 1 



2Vvr V To 







ds e-^(4"+i) [ s-'^' Io(2os)^ 



^2 



s^^^ Ii(2as)^ 



Acr4 



Acts 



O", 



^J- / ds e-^(^"+i) [ s-''-' Io(2as) Ii(2as) 

2^^^ V To Jo 



I (%-) s^'^ lo{2as) h{2as) ], 



' II / ds e-^(^"+i) [ s-^/^ Io(2as)^ 

2^71 V To Jo 



2 / L^^Li;« 



^J- / ds e-^(^"+i) [ s-''-' Io(2as) Ii(2as) 
2V'^ V To Jo 



2 / L^^Li;« 



s"' Io(2as) Ii(2as) ], 



s"' \i{2asf 



1 



20? V To Jo 



- / ds e-^(^'^+i) [ s-^^^ Io(2as) Ii(2as) 

To Jo 



2 /L,,L 
3 



£2 



^ s^^= Io(2as)2 



(3.16) 

where Aaj is the quantum correction for the i-th configuration in Fig. 5, lo(-z) and 11(2) are the 
modified Bessel functions, Lgy = ^JU^Te and L^^ = a/DTt^ are the phase relaxation lengths for 
each direction, and 

1 . /r. \2 

(3.17) 



a = -a^ToTe 



d 



is the "dimensionality parameter" whose meaning is discussed below. In each of eqs. ( glel) , the 
first term in the integral is the WL correction in the absence of the magnetic field, Ao"j(0), and the 
second term is the magnetoconductance, 6ai{H) = Acjj(i/) — Acrj(O). The expansion parameters 
are Ll^/i"^ for H\\z and L^^L^^Ji'^ for H±z, respectively. This is easily understood because the 
magnetic field always affect electrons through the orbital motion within the plane perpendicular to 
the field. 

The parameter, a, represents the dimensionality in the sense of the quantum interference effects 
due to the Cooperon, and its physical meaning is how many chains electrons can hop through 
with their coherency kept. The interference of electrons is three-dimensional if a is large, a ^ 1, 
even though the Fermi surface is open because electrons can move among many chains by diffusive 
motion until they lose their phase memory. On the other hand, it is one-dimensional if a is small, 
a <C 1, since electrons cannot keep coherency even in a single hopping. 

§4. The Asymptotic Forms 

In this section, the asymptotic forms of the conductivity in three and one dimensions are eluci- 
dated: 
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4-1 Three-dimensional limit 

The three-dimensional hmit, a ^ 1, of eqs. ( |3.16| ) can be obtained by using the asymptotic form 
of modified Bessel function, and the results are as follows, 



AcJi 



1 



2TTaT„ 



IMVn - —J- 



1 



+ 



1 



Aa2 



1 



2TTaTo 



1 



27raTn 



1.61V' 



vr 



O.410F - —J- 

OTo V Te 



1 

aTr, 



+ 



+ 



1 fdL 



24tt V To 



1 ff^ ( dLf, 



247r \l To \ 



(4.1) 



Acr4 



cr. 



1 



27raTn 



0.41 Vtt 



UTo V 



+ 



1 /v7 / dLs 



2AtT y To \ £^ 



1 



27raTn 



0.4lV^ - — J- 



1 

aTo 



+ 



247r 



I ^2 



These are identical with the conclusions of preceding theories of WL and weak field MR in three- 
dimensional systems SB with the density of state, A^(0), and the anisotropic tensor 
components of the diffusion constants, D^^ and D^, as given in eq. (3.10), e.g. the substitution of 



them for eq. (|2.7D gives the second terms, 6ai{H), of eqs. (^). This is expected because in the 
limit, a^ToTe ^ 1, the main contribution to the integration of the Cooperon is given by small q 
such as Igxljk?/! ^ {oiy/ToTird)^^ . Therefore our formulae, e.g. eqs. (3/7) and (3.8), turn out to 



be the same as those in anisotropic three-dimensional systems shown in §2. This is the reason 
why the quantum corrections of the systems with aTg ^ 1 are given by those of the anisotropic 
three-dimensional systems even though the Fermi surface is open, since a'^ToTs 3> 1 because of 

Te > To. 
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4-2 One- dimensional limit 
When the system becomes one-dimensional, a ^ 1, the asymptotic forms are given as 

„_ / ,o\ 2 

Acji 

0-|i 



A(72 




Aa3^_l/^ 5/^ 2 fdLe.Y (4.2) 

CT„ 2 V To ^ 8 V To W2 



A(J4 1 /tT 35 /tT q / di^eii 



TO 16 V TO V ^2 



' a + ' ' 



To 4 V To \ e"^ 

As is easily seen, the second term of config. (1), Sai{H), will be reduced most rapidly as a — 0, 
while that of config. (5), 5a^{H)^ will remain larger than the others. 

Hence, one can infer the value of the dimensionality parameter, a, experimentally by the compar- 
ison of the anisotropy of the magnetoconductance, Sa{H). For example, the ratio of Sas{H) and 
5ai{H) will give the value of a, yielding important information about the degree of the alignment 
of polymer. 

In addition, the temperature dependence of a thus deduced gives information on that of the phase 
relaxation time, r^. 

§5. Summary 

We have developed a theory of weak field MR in quasi-one-dimensional systems which have open 
Fermi surfaces. Even though the effects of magnetic field on electrons with such open Fermi surface 
are not easy to treat, the correct results in weak field regime have been determined by use of the 
Wigner representation. It is to be noted that this is a rare case in which the Wigner representation 
is applied to a explicit calculation of the quantum transport phenomena. 

We have obtained the asymptotic forms of conductivities in three- and one-dimensional limit in 
the sense of the quantum interference effect. We have pointed out that the dimensionality pa- 
rameter, a, and thus the degree of the alignment of polymers can be inferred by studying the 
anisotropy of the magnetoconductance, 6cr{H), for five possible configurations. Moreover, the tem- 
perature dependence of the phase relaxation time can be deduced from that of the dimensionality 
parameter. 

In a more detailed comparison with the experiments, however, the existence of the mutual inter- 
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action effects has to be taken into account .llSP The Coulomb interaction associated with the spin 
Zeeman effect gives contributions to MR of the same order as the WL, but its sign is opposite 
and the scahng fields are different; i.e. q^-qH /k-QT where g is the Lande (7-factor and /xb is the 
Bohr magneton in the case of the interaction effects while L\^I(^ for ii\z and Le^Le^Jl"^ for HJ-Z, 
respectively, in the present WL effects. Since L^j_ < L^n will be naturally satisfied, the scaling field 
of the WL effects for H\\z should be larger than that for HJ-Z, but the magnitude of these scaling 
fields (especially that in the case of H\\z) relative to that of interaction effects is not unique. In 
the case of refs. |^ and |2|, the scaling field of the interaction effects comes between those two of 
the WL effects and the interaction effects are almost negligible for HJ-Z, so that one can infer the 
dimensionality parameter, a, adequately from 6a{H) of HJ-Z. 
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Note added — Recently, the MR in the same kind of quasi-one-dimensional systems has also been 
studied by C. Mauz, A. Rosch and P. Wolfle (Phys. Rev. B 56 (1997) 10953). They focused on the 
cases of i/_Lchain where the Cooperon is described by Mathieu's equation and discussed various 
limiting cases. However, their results of one-dimensional limit are different from ours because their 
approximation is not justified when the coupling between chains is very weak. 
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